Using the asymptotic iteration method (AIM), we have obtained analytical approximations to the ℓ-wave solutions of the Schrödinger equation with the Manning-Rosen potential. The equation of energy eigenvalues equation and the corresponding wavefunctions have been obtained explicitly. Three different Pekeris-type approximation schemes have been used to deal with the centrifugal term. To show the accuracy of our results, we have calculated the eigenvalues numerically for arbitrary quantum numbers n and ℓ for some diatomic molecules (HCl, CH, LiH and CO). It is found that the results are in good agreement with other results found in the literature. A straightforward extension to the s-wave case and Hulthén potential case are also presented.
Introduction
In recent years, the problem of analytical solution of Schrödinger equation with angular momentum quantum number ℓ = 0 and ℓ = 0 for a number of exponential-type potentials has been addressed by many researchers. Some of these exponential-type potentials include ManningRosen potential [1, 2, 3, 4, 5] , Morse potential [6, 7] , Hulthén potential [8, 9, 10] , Woods-Saxon potential [11] , Pöschl-Teller potential [12] , Rosen-Morse potential [13] , Deng-Fan potential [15] and trigonometric Scarf potential [14] .
It is known that radial Schrödinger equation for these potentials can be solved exactly for ℓ = 0. On the other hand, it is also known that for these potentials, the Schrödinger equation cannot be solved for ℓ = 0. To obtain the solution for ℓ = 0, one has to use Pekeris-type approximation scheme to deal with the centrifugal term or solve numerically. The most widely 1 fbjames11@physicist.net 2 kjoyewumi66@unilorin.edu.ng 3 ibrahimng@yahoo.com 4 Department of Physics, University of Kelaniya, Kelaniya, Sri Lanka: sena@kln.ac.lk 5 onateca12@gmx.us used approximation was introduced by Pekeris [16] and another form was suggested by Greene et al. [17] and Qiang et al. [4] .
The approximate analytical solution of the Schrödinger equation with Manning-Rosen potential has been studied by many researchers [1, 4, 18, 19] . This potential has been used in several branches of physics for bound states and scattering properties. The Dirac equation with this potential has been investigated also, the approximate solutions of the effective mass for this potential in N dimensions has been obtained by using the asymptotic iteration method [20] . Recently, Hassanabadi et al. (2012) used SUSY approach to obtain the spin pseudospin symmetries of the Dirac equation with the actual and general Manning-Rosen potentials [21] .
In addition, it also gives an excellent description of the interaction between two atoms in diatomic molecules. The short range Manning-Rosen potential is given by [1, 3, 4, 5] V (r) = −Ah 
where A and α are dimensioness parameters, while b is the screening parameter which has dimension of length.
Motivated by the success in obtaining analytical solution of the Schrödinger equation with potential equation (1) using the Nkiforov-Uvarov method (N-U) [22] by Ikhdair [18] , the standard method by Qiang et al. [1, 4] and the numerical integration procedure by Lucha and Shöberl [19] .
We attempt to use a different and more practical method called the asymptotic iteration method (AIM) [23, 24, 25] within the framework of the Pekeris approximations suggested by Qiang et al.
[4] to solve the Schrödinger equation with short range Manning-Rosen potential for any arbitrary ℓ-state. These approximations are [4] :
These approximations are proposed instead of the commonly used one by others [4] :
Equations (2) and (3) are more general than equation (4), while equation (2) and (3) give a better approximation to the centrifugal term when b is small [4] . This paper is organized as follows. In section 2, the review of the asymptotic iteration method (AIM) is presented. In section 3, this method is applied to radial Schrödinger equation to find the analytical solution.
The numerical calculations are given and the results are compared with those obtained by other methods [4, 18, 19] in section 4. In section 5, a brief conclusion is given.
The Asymptotic Iteration Method (AIM)
The Asymptotic Iteration Method (AIM) is proposed to solve the homogenous linear second-order differential equation of the form
where λ o (x) = 0 and the prime denote the derivative with respect to x, the extra parameter n can be described as a radial quantum number [23, 24] . The variables, s o (x) and λ o (x) are sufficiently differentiable. To find a general solution to this equation, we differentiate equation (5) with respect to x, we find
where
The second derivative of equation (5) is obtained as
Equation (5) can be iterated up to (k + 1) th and (n + 2) th derivatives, k = 1, 2, 3, . . ., therefore, we have
From the ratio of the (k + 2) th and (k + 1) th derivatives
if k > 0, for sufficiently large k, we obtain α values from
with quantization condition
Then, equation (12) reduces to
which yields the general solution of equation (5) as
For a given potential, the idea is to convert the radial Schrödinger equation to the form of equation 
The exact solution y n (x) can be expressed as [24] y n (x) = (−1)
where the following notations have been used:
3 The Eigenvalues and Eigenfunctions of the Schrödinger Equation with the Manning-Rosen Potential
The Schrödinger equation is given by
By taking ψ(r) = R nℓ (r)Y ℓm (θ, φ)r −1 and considering potential (1), we obtain the radial part of the Schrödinger equation as:
By putting the approximation expression (2) into equation (21) and using z = (e −r/b − 1) −1 , we
where, we have used the following notations for simplicity:
In order to solve (23) with the AIM, we need to transform this equation into the form of equation (5). Therefore, the reasonable physical wave function can be obtained as:
With equation (25), equation (23) turns to a second-order homogeneous linear differential equation of the form
We now apply the AIM in solving equation (26) . Comparing equations (5) and (26), we have the values of λ n and s n as follows:
Combining these results with the condition given by equation (14) yields:
When the above expressions are generalized and using the notations in equation (24), the energy values of the schrödinger equation with the Manning-Rosen potential turn out as:
Again by using approximation (3) and repeat the above procedure, we can consequently obtain the energy eigenvalues as
Similarly, by using the usual approximation in equation (4), the energy eigenvalues are obtained as
Using the AIM as indicated in Section 2, we can also compute the radial eigenfuctions for the Schrödinger equation with the Manning-Rosen potential. By comparing equation (26) with equation (17), we have the following:
Having determined these parameters, we can easily find the eigenfunctions f nℓ (z) and write the total radial wave function as
where N nℓ is the normalization constant.
Numerical Results
To show the accuracy of our results, in Tables 1 and 2 , we obtained the eigenvalues (in atomic units) numerically for arbitrary quantum numbers n and ℓ with the potential parameter α = 0.75, 1.50. We also computed the energy eigenvalues for HCl, CH, LiH and CO diatomic molecules as shown in Tables 3 -6 . It is found that the results are in good agreement with other results in the literature for short potential range as it can be seen from the results presented in these tables. The fitting parameters were obtained from [26, 27, 28, 29] .
Firstly, let us study the s-wave case (ℓ = 0). The solutions of energy eigenvalues (29) , (30) and (31), reduce to the following equation
Essentialy this result coincides with the results obtained by the standard method [1] whenh = µ = 1. Secondly, we further discuss another special case with α = 0, 1. As a result, the potential
(1) becomes Hulthén potential [1, 2, 3, 10] . So that
2µb 2 and δ = 1/b. The corresponding energy levels for ℓ = 0 for this potential are given by
and
Furthermore, for s-wave (ℓ = 0) states, equations (36), (37) and (38) reduce to
These results are consistent with those obtained by the other methods [1, 2], the Feynman integral method [3] and the N-U method [18] .
Conclusions
In this paper, we have studied analytically the solutions of the Schrödinger equation for the Manning-Rosen potential for arbitrary ℓ bound states within the framework of the asymptotic iteration method. We have calculated the energy eigenvalues numerically for arbitrary n and ℓ.
We have also computed the energy eigenvalues for a few HCl, Cl, LiH and CO diatomic molecules.
Furthermore, we studied two special cases namely s-wave case (ℓ = 0) and Hulthén potential case (α = 0, 1). We find that the results are in good agreement with other findings in the literature, as it can be seen from the results presented in the tables.
It is evident that the AIM is efficient, accurate and an alternative method of calculating energy eigenvalues and eigenfunctions of the Manning-Rosen potential and other interaction problems that are analytically solvable. It should be emphasized that the AIM provides a closed-form for the energy eigenvalues and the corresponding eigenfunctions for exactly solvable problems.
However, if there is no such a solution, the energy eigenvalues are obtained by using an iterative approach [30, 31, 32] . Table 2 : Eigenvalues (29), (30) and (31) (in eV ) as a function of α for 2p, 3p,3d, 4p,4d, 4f, 5p, 5d, 5f, 5g, 6p, 6d, 6f and 6g states in atomic units (h = µ = 1) and for A = 2b, α = 1. Table 4 : For HCl and LiH, diatomic molecules, the comparison of the energy eigenvaluess (E nℓ ) (in eV )
by using the AIM with the other method for 2p, 3p, 3d, 4p, 4d, 4f, 5p, 5d, 5f, 5g, 6p, 6d, 6f and 6g states withhc = 1973.29eV A o , µ HCl = 0.9801045 amu, µ LiH = 0.8801221 amu, α = 0.75 and A = 2b. 
